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How large is the maximum number T, of spanning trees over m-edge planar graphs?
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some StackExchange answer (user JimT):

This is a very, very tough question. It is obvious that for any graph G with n edges the number of
spanning trees #(G) does not exceed 2" (each edge is either included in or excluded from a subtree;
this is also the upper bound of the number of connected subgraphs of G). We can somewhat
improve this - if G has m vertices (m < n + 1) then we have
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t(G)<(m_1)<z,

since we need to choose m — 1 edges out of n (not arbitrarily, of course).
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How large is the maximum number T, of spanning trees over m-edge planar graphs?

some StackExchange answer (user JimT):

This is a very, very tough question. It is obvious that for any graph G with n edges the number of
spanning trees #(G) does not exceed 2" (each edge is either included in or excluded from a subtree;
this is also the upper bound of the number of connected subgraphs of G). We can somewhat
improve this - if G has m vertices (m < n + 1) then we have

n n
t(G)<<m_1)<2,

since we need to choose m — 1 edges out of n (not arbitrarily, of course).

a lower bound: T, > 1.7916™ achieved by square grid graphs



some upper bounds (T, < 77):

2 Asamatter of fact, the conjecture above has a relatively elementary proof (found by yours truly) for
7 & 1.96. Of course, that is not very close to the hypothetical upper bound of ¢?“#, but at least it is
something... — JimT Jan 8, 2021 at 4:21 /'

2 1.9328...1s the new 7 - with an elementary proof. :) - JimT Jan 15, 2021 at 3:32

There was a recent improvement of 1.96" down to 1.913". I could not find the proof, but the link is here:

sspedn.blob.core.windows.net/files/Documents/SEP/STS/2024/... — Igor Pak Aug 2, 2024 at 1:18

Actually, it is now at 1.8637". See arxiv.org/abs/2103.10523 = JimT Aug 3, 2024 at 3:34

Quick update: Here is a result by Stoimenow in knot theory, which, in their abstract, mentions giving an
upper bound of 1.8393n on this number. Here: projecteuclid.org/journals/tokyo-journal-of-mathematics/...
— Alien Sep 28, 2024 at 0:17

@Alien Nice! One comment though - I quickly looked thru the article; it is very non-elementary, as it uses a
bunch of other results in links and knot theory, as well as related polynomial algebra. But still, it proves the
even lower upper bound, so the gap between this and 1.7916... is getting smaller with every post here :) .

- JimT Sep 29, 2024 at 2:32 /'
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theorem (Stoimenow 2007)

Tm < 6™, where § ~ 1.8393 is the unique real root of x> —x*> — x —1 = 0.
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. and also some nice by-products on planarity criteria from our techniques.
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concatenations [M|N] of two submatrices of (possibly different) incidence matrices?
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theorem (Bu, P. 2025)
Tm < Ap < 8™, where § ~ 1.8393 is the unique real root of x> — x> —x —1=0.
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An incidence submatrix is a matrix where each row has at most one 1, at most one —1,
and all other entries zero.

A bi-incidence matrix is a concatenation [M|N] of two incidence submatrices M and N.

Recall: A, is the maximum determinant over m X m bi-incidence matrices.

proof of A, <™
Let [M|N] achieve Ap,.

Extend [M|N] by two columns to [M’|N’] so that each row of M’ (resp. each row of N')
has exactly one 1 and exactly one —1.

# nonzero entries in [M'|N']: 4m
# columns in [M'|N']: m+2

= [M'|N'] has a column with at most |[4m/(m + 2)| = 3 nonzero entries.

W.l.o.g. (by column operations), this column is in [M|N].
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key lemma (Bu, P. 2025)
Let G be a connected planar graph with orientation D. Let D* be the dual of D.

Let M and M* be truncated incidence matrices of D and D*, of which the it" rows
correspond to the same arc and its dual arc for each J.

Then | det[M|M?*]| is equal to the number of spanning trees 7(G) in G.
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key lemma (Bu, P. 2025)
Let G be a connected planar graph with orientation D. Let D* be the dual of D.

Let M and M* be truncated incidence matrices of D and D*, of which the i*" rows
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For all m € N, we have T, < A,
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proof of MTM* =0

W.l.o.g., G is loopless. (Why?)

Hence, column v in M and column f in M* are orthogonal.
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proposition (Bu, P. 2025)
For any connected graph G, we have A(G) < 7(G). J

In other words, the previous construction is the best possible.
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definitions

Given a connected graph G, define its excess to be (G) := 7(G) — A(G).

Given a disconnected graph G, define its excess £(G) to be the sum of the excesses of
its connected components.

For planar graphs, we have seen that the previous construction is the best possible.

corollary of key lemma

For any planar graph G, we have £(G) = 0.

For non-planar graphs, the excesses are at least 18.

lemma (Bu, P. 2025)
For any non-planar graph G, we have £(G) > 18.

The lower bound 18 is tight and achieved by K3 3.
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proof of £(G) > 18 for non-planar G

W.l.o.g., assume that G is connected.
merge-cut lemma & non-negative of £(-) = for any non-loop non-bridge edge e,

e(G) > e(G/e)+¢e(G\ e) > max{e(G/e),e(G \ e)}.

removing-zeros lemma = for any loop edge e, e(G) > (G \ e).

Wagner's theorem = a sequence of edge contractions and edge deletions such that
each intermediate graph is connected (i.e., if we delete an edge e, then e is non-bridge).

Hence, e(G) > min{e(K3,3),e(Ks)}.
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We have ¢(K3,3) = 18 and £(Ks) = 25.

These two quantities can be computed in a computer-assisted manner with brute-force
and some clever pruning.

In the paper, we provide a purely combinatorial proof of these two quantities. It is quite
involved and has many cases, but might provide intuition on the combinatorial structure.
In particular, the tight case for Ks is quite elegant.

Open question: Are there simpler proofs?
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proposition (Bu, P. 2025)
Let G1 = (V4, E1) and Gz = (Va, E2) be two graphs with |E1| = |E2| = |Vi| + | V2| — 2.

Let M and N be truncated incidence matrices of Gy and Ga, respectively.

Then det[M|N] < cospan(Gz, G2).

In the proof for £(K3,3) and (Ks), we repeatedly restrict the space of feasible graphs
corresponding to the right incidence submatrix through various bounds.

These bounds give us increasingly restrictive information about both the graph and
properties of the bijection, which we then use to prove the desired results.



a conjecture



For all m € N, we have T, < Ap.

«Or «Fr o«

i
v

DA



corollary
For all m € N, we have T, < Ap.

T, and A, for small values of m

m 1 2 3 4 5 6 7 8 9 10
T. 1 2 3 5 8 16 24 45 75 130
An 1 2 3 5 8 16 24 45 75 130




corollary

For all m € N, we have T, < Ap.

T, and A, for small values of m

m 1 2 3 4

5 6 7 8 9 10
T. 1 2 3 5 8 16 24 45 75 130
An 1 2 3 5 8 16 24 45 75 130

conjecture

For all m € N, we have T, = Ap.




towards the conjecture



conjecture

For all m € N, we have T, = A,

DA



conjecture
For all m € N, we have T, = A,

another conjecture

If G is a connected non-planar graph with m edges, then A(G) < T,,.




conjecture

For all m € N, we have T, = A,

another conjecture

If G is a connected non-planar graph with m edges, then A(G) < T,,.

In other words: The maximum A(-) value over graphs with the same number of edges is
always achieved by planar graphs.



conjecture

For all m € N, we have T, = A,,.

another conjecture

If G is a connected non-planar graph with m edges, then A(G) < T,,.

In other words: The maximum A(-) value over graphs with the same number of edges is
always achieved by planar graphs.

In other words: Although a non-planar graph might have more spanning trees than the
best planar graph with the same number of edges, we conjecture that it is “dominated”
by the best planar graph with the same number of edges in some linear-algebraic sense.



conjecture

For all m € N, we have T, = A,,.

another conjecture

If G is a connected non-planar graph with m edges, then A(G) < T,,.

In other words: The maximum A(-) value over graphs with the same number of edges is
always achieved by planar graphs.

In other words: Although a non-planar graph might have more spanning trees than the
best planar graph with the same number of edges, we conjecture that it is “dominated”
by the best planar graph with the same number of edges in some linear-algebraic sense.

These two conjectures are equivalent.



conjecture

For all m € N, we have T, = A,,.

another conjecture

If G is a connected non-planar graph with m edges, then A(G) < T,,.

In other words: The maximum A(-) value over graphs with the same number of edges is
always achieved by planar graphs.

In other words: Although a non-planar graph might have more spanning trees than the
best planar graph with the same number of edges, we conjecture that it is “dominated”
by the best planar graph with the same number of edges in some linear-algebraic sense.

These two conjectures are equivalent. (Why?)
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If G is a subdivision of K33 or Ks with m edges, then A(G) < Tp,.

Idea for K3 3: The right side of the matrix P attaining A(G) is “planar.”

In particular, we use multilinearity of determinants to argue that, w.l.o.g., the right sides
of rows corresponding to edges from subdividing the same edge in K3 3 are the same.

The right side of P is a truncated incidence matrix of a graph H with 5 vertices and at
most m edges, among which there are at most 9 distinct edges.

Wagner says H is planarl = A(G) =det(P) = A(H) <7(H) < Tm
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definition

The genus of a graph G is the smallest genus of a surface in which G can be embedded
without crossings.
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If a graph G is planar, then A(G) = 7(G).
If a graph G is non-planar, then A(G) < 7(G) — 18.

Question: For certain subclasses of non-planar graphs, can we obtain non-trivial lower
bounds on A(G)?

idea (Spalding-Jamieson)

If a graph has genus g and maximum degree D, then maybe A(G) > f(g, D) - 7(G) for
some function f(g, D) € (0, 1).

planar graphs graphs of genus g
dual dual, but need more columns

n—m+f=2 n—m+f=2-2g

MTM* =0 Schur complement

7(G*) = 7(G) T(G*):22gT(G)



future



Does T,, = A, hold?



Does T,, = A, hold?

Can we find better lower bounds than the square grid graphs?



Does Trn = Ap, hold?
Can we find better lower bounds than the square grid graphs?

Can we extend the planar dominance theorem beyond subdivisions of K33 and Ks?



Does T, = A, hold?
Can we find better lower bounds than the square grid graphs?
Can we extend the planar dominance theorem beyond subdivisions of K33 and Ks?

Consequences on algorithms?



Does T, = A, hold?

Can we find better lower bounds than the square grid graphs?

Can we extend the planar dominance theorem beyond subdivisions of K33 and Ks?
Consequences on algorithms?

Consequences on mathematical programming?



Thanks (for listening and for the ice cream)!



