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definitions
An incidence submatrix is a matrix where each row has at most one 1, at most one −1,
and all other entries zero.

A bi-incidence matrix is a concatenation [M|N] of two incidence submatrices M and N.

Recall: ∆m is the maximum determinant over m ×m bi-incidence matrices.

proof of ∆m ≤ δm

Let [M|N] achieve ∆m.

Extend [M|N] by two columns to [M ′|N ′] so that each row of M ′ (resp. each row of N ′)
has exactly one 1 and exactly one −1.

# nonzero entries in [M ′|N ′]: 4m
# columns in [M ′|N ′]: m + 2

=⇒ [M ′|N ′] has a column with at most ⌊4m/(m + 2)⌋ = 3 nonzero entries.

W.l.o.g. (by column operations), this column is in [M|N].
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removing-zeros lemma (Bu, P. 2025; informal)
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zeros only, then one can remove this row and perform column operations to obtain an
(m − 1)× (m − 1) square bi-incidence matrix, while preserving the determinant.
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proof of Tm ≤ ∆m

Recall: ∆m is the maximum determinant over m ×m bi-incidence matrices;
Tm is the maximum number of spanning trees over m-edge planar graphs.

Goal: Given an m-edge planar graph G (achieving Tm), construct an m×m bi-incidence
matrix with determinant at least the number of spanning trees in G .

definitions
A truncated incidence matrix of a digraph is the incidence matrix of the digraph with an
arbitrary column removed.

key lemma (Bu, P. 2025)

Let G be a connected planar graph with orientation D. Let D⋆ be the dual of D.

Let M and M⋆ be truncated incidence matrices of D and D⋆, of which the i th rows
correspond to the same arc and its dual arc for each i .

Then | det[M|M⋆]| is equal to the number of spanning trees τ(G) in G .
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yet another extremal problem
Given a connected graph G with m edges, how large is the maximum determinant ∆(G)
over m ×m matrices [M|N], where M is a truncated incidence matrix of G and N is an
incidence submatrix of appropriate size?

In other words, can we achieve better determinants than the previous construction,
where N is a truncated incidence matrix of the dual?

proposition (Bu, P. 2025)

For any connected graph G , we have ∆(G) ≤ τ(G).

In other words, the previous construction is the best possible.



yet another extremal problem
Given a connected graph G with m edges, how large is the maximum determinant ∆(G)
over m ×m matrices [M|N], where M is a truncated incidence matrix of G and N is an
incidence submatrix of appropriate size?

In other words, can we achieve better determinants than the previous construction,
where N is a truncated incidence matrix of the dual?

proposition (Bu, P. 2025)

For any connected graph G , we have ∆(G) ≤ τ(G).

In other words, the previous construction is the best possible.



yet another extremal problem
Given a connected graph G with m edges, how large is the maximum determinant ∆(G)
over m ×m matrices [M|N], where M is a truncated incidence matrix of G and N is an
incidence submatrix of appropriate size?

In other words, can we achieve better determinants than the previous construction,
where N is a truncated incidence matrix of the dual?

proposition (Bu, P. 2025)

For any connected graph G , we have ∆(G) ≤ τ(G).

In other words, the previous construction is the best possible.



yet another extremal problem
Given a connected graph G with m edges, how large is the maximum determinant ∆(G)
over m ×m matrices [M|N], where M is a truncated incidence matrix of G and N is an
incidence submatrix of appropriate size?

In other words, can we achieve better determinants than the previous construction,
where N is a truncated incidence matrix of the dual?

proposition (Bu, P. 2025)

For any connected graph G , we have ∆(G) ≤ τ(G).

In other words, the previous construction is the best possible.



definitions
Given a connected graph G , define its excess to be ε(G) := τ(G)−∆(G).

Given a disconnected graph G , define its excess ε(G) to be the sum of the excesses of
its connected components.

For planar graphs, we have seen that the previous construction is the best possible.

corollary of key lemma
For any planar graph G , we have ε(G) = 0.

For non-planar graphs, the excesses are at least 18.

lemma (Bu, P. 2025)

For any non-planar graph G , we have ε(G) ≥ 18.

The lower bound 18 is tight and achieved by K3,3.
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edge contractions and edge deletions.
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merge-cut lemma (Bu, P. 2025)

For connected G = (V ,E) and non-loop non-bridge e ∈ E , ε(G) ≥ ε(G/e) + ε(G \ e).

proof of ε(G ) ≥ 18 for non-planar G

W.l.o.g., assume that G is connected.

merge-cut lemma & non-negative of ε(·) =⇒ for any non-loop non-bridge edge e,

ε(G) ≥ ε(G/e) + ε(G \ e) ≥ max{ε(G/e), ε(G \ e)}.

removing-zeros lemma =⇒ for any loop edge e, ε(G) ≥ ε(G \ e).

Wagner’s theorem =⇒ a sequence of edge contractions and edge deletions such that
each intermediate graph is connected (i.e., if we delete an edge e, then e is non-bridge).

Hence, ε(G) ≥ min{ε(K3,3), ε(K5)}.
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proposition (Bu, P. 2025)

We have ε(K3,3) = 18 and ε(K5) = 25.

These two quantities can be computed in a computer-assisted manner with brute-force
and some clever pruning.

In the paper, we provide a purely combinatorial proof of these two quantities. It is quite
involved and has many cases, but might provide intuition on the combinatorial structure.
In particular, the tight case for K5 is quite elegant.

Open question: Are there simpler proofs?
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definitions
Let G1 = (V1,E1) and G2 = (V2,E2) be two graphs with |E1| = |E2| = |V1|+ |V2| − 2.

Let f : E1 → E2 be a bijection.

A spanning tree T of G1 is annihilated by f if f (E1 \ T ) is not a spanning tree of G2.

A spanning tree of G1 not annihilated by f is a cospanning tree of G1 and G2 under f .

Let cospan(G1,G2) be the maximum number of cospanning trees of G1 and G2 over f .

proposition (Bu, P. 2025)

Let G1 = (V1,E1) and G2 = (V2,E2) be two graphs with |E1| = |E2| = |V1|+ |V2| − 2.

Let M and N be truncated incidence matrices of G1 and G2, respectively.

Then det[M|N] ≤ cospan(G1,G2).

In the proof for ε(K3,3) and ε(K5), we repeatedly restrict the space of feasible graphs
corresponding to the right incidence submatrix through various bounds.

These bounds give us increasingly restrictive information about both the graph and
properties of the bijection, which we then use to prove the desired results.
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In other words: The maximum ∆(·) value over graphs with the same number of edges is
always achieved by planar graphs.

In other words: Although a non-planar graph might have more spanning trees than the
best planar graph with the same number of edges, we conjecture that it is “dominated”
by the best planar graph with the same number of edges in some linear-algebraic sense.

These two conjectures are equivalent. (Why?)
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If G is a subdivision of K3,3 or K5 with m edges, then ∆(G) ≤ Tm.

Idea for K3,3: The right side of the matrix P attaining ∆(G) is “planar.”

In particular, we use multilinearity of determinants to argue that, w.l.o.g., the right sides
of rows corresponding to edges from subdividing the same edge in K3,3 are the same.

The right side of P

Wagner says H is planar! =⇒ ∆(G) = det(P) = ∆(H) ≤ τ(H) ≤ Tm
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The genus of a graph G is the smallest genus of a surface in which G can be embedded
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theorem (Bu, P. 2025)

If a graph G is planar, then ∆(G) = τ(G).
If a graph G is non-planar, then ∆(G) ≤ τ(G)− 18.

Question: For certain subclasses of non-planar graphs, can we obtain non-trivial lower
bounds on ∆(G)?

idea (Spalding-Jamieson)

If a graph has genus g and maximum degree D, then maybe ∆(G) ≥ f (g ,D) · τ(G) for
some function f (g ,D) ∈ (0, 1).

planar graphs graphs of genus g

dual dual, but need more columns
n −m + f = 2 n −m + f = 2 − 2g
MTM⋆ = 0 Schur complement

τ(G⋆) = τ(G) τ(G⋆) = 22gτ(G)
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Can we extend the planar dominance theorem beyond subdivisions of K3,3 and K5?

Consequences on algorithms?

Consequences on mathematical programming?
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Thanks (for listening and for the ice cream)!


